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Irregular behaviors of two chemical oscillators with a diffusion coupling
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Department of Applied Physics, Faculty of Science, Fukuoka University, Fukuoka 814-01, Japan

~Received 30 July 1996!

Dynamic behaviors of two chemical oscillators coupled with a time delay were investigated at the border
between regions of 1:1 and 2:1 entrainment. Chemical oscillators were realized by immersing cation exchange
beads loaded with the ferroin catalyst in the Belousov-Zabotinskii reaction solution. On decreasing the distance
d between two oscillators, subharmonic entrainment at commensurate frequency ratios such as 2:1, 3:2, and 4:3
occurred in that order. Whend was further decreased, an irregular behavior was observed in the slower
oscillator near the coupling region of 1:1. The time series for these states were characterized in terms of their
power spectra, reconstructed attractors, and the largest Lyapunov exponent to confirm the feature of chaos.
@S1063-651X~97!06502-1#

PACS number~s!: 05.70.Ln, 82.40.Bj, 82.20.Mj
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I. INTRODUCTION

The coupling of nonlinear oscillators has been inve
gated to provide insight into the understanding of import
features of biological oscillators such as coupled heart c
@1,2#. Many experimental studies have been carried out in
Belousov-Zabotinskii~BZ! reaction system using two o
three continuous stirred tank reactors~CSTR’s! @3–10#. A
variety of interesting dynamic phenomena have been
served depending on the flow rate: entrainment, phase l
ing, propagation failure, and chaotic behaviors. These beh
iors have been theoretically explained using various coup
oscillator models@11–18#. Very recently, we have investi
gated the properties of coupling in the discrete BZ react
system different from the CSTR’s@19#. This system is simi-
lar to that described by Maselko and Showalter, in which
ferroin catalyst is immobilized in cation exchange beads w
spatial size of the same order as living cells@20–22#. The
features of coupling in this system are peculiar compa
with those of CSTR’s. For example, the coupled frequen
becomes higher than the natural frequency of the faster
cillator. In addition, the coupling is inherently accompani
by a time delay, since it is due to a mass diffusion. Suc
time-delayed coupling is commonly seen in the informat
transmission between biological oscillators. This system
be easily extended to large populations of coupled oscilla
and may serve as a realistic model for intercellular comm
nication. It is now interesting to clarify whether or not th
type of coupled oscillator exhibits chaotic behaviors as
served in CSTR’s.

In this report we investigate dynamic aspects of the tr
sition between two coupled states by using the discrete
reactor described above. The time series for dynamic be
iors are analyzed in terms of power spectra and reconstru
attractors. Furthermore, the largest Lyapunov exponen
calculated to confirm the existence of chaos. To our kno
edge, there are no experimental reports on chaotic beha
of coupled chemical oscillators of submillimeter size.

II. EXPERIMENT

The initial composition of BZ reaction solutio
was as follows: @NaBrO3#50.49M , @NaBr#50.07M ,
551063-651X/97/55~2!/2005~4!/$10.00
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@CH2~COOH!2#50.14M , and @H2SO4#50.67M . Water was
twice distilled from deionized water and filtered through
0.1-mm membrane filter. These materials were reagent gr
and used without further purification. The cation exchan
beads~DOWEX 50W-4X! of about 500mm in diameter
were loaded with ferroin~@ferroin#51.731025 mol/g beads!.
When ferroin-loaded beads were immersed in the BZ so
tion, the circular wave propagating on the bead surface
peared. The features of the redox reaction confined to
bead surface were monitored through a charge-coupled
vice ~CCD! camera attached to a microscope and recor
on a video tape recorder. The change between blue and
colors was transformed into the change in light intensity
the imaging system~Avionics, Excel II!, where the intensity
was obtained by averaging the gray level of the fixed sm
area on the bead surface, corresponding to a grid of 333
pixels. Thus, we regarded the ferroin-loaded cation excha
bead as a chemical oscillator with a limit cycle. The peri
of the oscillation strongly depended on both the tempera
and the composition of the BZ solution. Furthermore, t
period rapidly and randomly decreased with time just af
beads were immersed in the BZ solution. This is proba
related to a dissolution of extra ferroin on the bead surfac
the BZ solution. After a certain time, the rate of decrea
became negligibly small and stationary. The period fina
attained varied from bead to bead, even if bead sizes w
almost the same. This is probably due to the difference
concentration of ferroin remaining on the bead surface w
out dissolving into the BZ solution. The ability to keep fe
roin on the bead surface is considered to be influenced by
difference in structure of the bead surface. Thus, we obtai
coupled oscillators with the frequency ratio up to about 3
by using a combination of beads with different natural fr
quencies. The temporal resolution for successive images
limited by the time required for data storage. The pres
system allowed examination of successive images at the
interval of 0.1 s.

The coupling strength was controlled by changing the d
tanced between two beads; the smaller thed, the larger the
coupling strength. Here,d refers to the spacing betwee
beads, so thatd50 means that beads are in contact with ea
other. Prior to a coupling experiment, many beads were
2005 © 1997 The American Physical Society
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mersed in the BZ solution until the oscillation became pe
odic. Then, two beads with the desired natural freque
ratio were transferred into the fresh BZ solution and coup
to each other. The coupled state depended on temperatu
that the temperature of the BZ solution was maintained
2360.05 °C.

III. RESULTS AND DISCUSSION

We used two beads of almost the same size with the n
ral frequency ratiov2/v152.3, wherev1 andv2 are the natu-
ral frequencies of slower and faster oscillators, respectiv
Starting at the distance of 170mm, we investigated the sce
nario of the transition from the coupled state of 2:1 to that
1:1 while decreasing the distanced. This boundary region
corresponds to the weak coupling region in the phase
gram obtained in our previous work@19#. Figure 1~a! shows
the time courses from two oscillators under entrainmen
2:1, which was observed in the region of 80mm<d<170
mm. Here, the oscillator bearing the upper trace plays
role of a pacemaker. In the region of 70mm<d<80 mm,
entrainment of 3:2 appeared, as shown in Fig. 1~b!. In the
vicinity of this region, a regular coexistence of 2:1 and 3
in addition to entrainment of 4:3, was also observed. As
coupling region of 1:1 was further approached, the coupl
behavior depended more sensitively ond. Figure 1~c! shows
time series of two coupled oscillators atd565mm, where, to
maintain clarity in the figure, only a part of the data collect

FIG. 1. Time series of light intensity from the two couple
oscillators with the natural frequency ratio of 2.3:~a! 2:1 entrain-
ment,~b! 3:2 entrainment, and~c! irregular coupling.
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over 2400 s is represented. We can see irregular behavio
both the period and the amplitude of the lower trace cor
sponding to the slower oscillator, i.e., an irregular occurre
of 1:1 entrainment. A closer inspection of the upper tra
reveals that there also exist small irregularities of the sa
kind as those in the lower trace, but not pronounced as in
latter. This irregularity may be due to chaos, whose appe
ance was confined in only the very narrow region centere
65mm. Decreasingd below 60mm, the stable entrainment o
1:1 appeared.

A sequence of transition phenomena was reproducible
coupled oscillators with the natural frequency ratio arou
2:3. In contrast, at largev2/v1 above about 2:9, regions o
subharmonic entrainment, as observed in this experim
could not be clearly identified as functions ofd. This is prob-
ably due to the condition that the boundary region betwe
regions of 1:1 and 2:1 entrainment becomes rapidly nar
with an increase ofv2/v1, according to the phase diagram
coupling states obtained in our previous work@19#. The
threshold distance for each transition was dependent on
bead size and the temperature of the BZ solution. Irresp
tive of values of these variables, however, transition p
nomena as described above were observed. The irregula
havior was observed only when the ratio of natu
frequencies of the two oscillators,v2/v1, was large. This
suggests that the ratiov2/v1 is an important quantity govern
ing the appearance of the irregular behavior.

The question to be answered is whether or not the irre
lar behavior of the slower oscillator shown in Fig. 1~c! is
truly due to chaos. Further information can be obtained
analyzing the time series in terms of Fourier spectra,
reconstructed attractor, and the Lyapunov exponent. Here
the data obtained were used for a reliable estimate of th
quantities. Figure 2~a! shows the power spectrum of the tim
series under entrainment of 2:1. The observed periodic os
lation results in the sharp peaks and associated harmo
Under entrainment of 3:2, the number of peaks increases
the spectrum becomes complex, as shown in Fig. 2~b!. How-
ever, the contribution of major peaks is seen to be su
ciently higher than the baseline noise. By contrast, the po
spectrum of the irregular oscillation has no sharp peaks b
broadband characteristic of the chaotic state, as show
Fig. 2~c!. For further examination of this irregular oscilla
tion, the three-dimensional phase portrait was construc
using the time-delay method. Figure 3 shows the case wi
time delayT53.5 s. Although the attractor includes som
noise inherent in the optical detection of the redox reacti
it seems to be indicative of chaos. In addition to the attrac
the largest Lyapunov exponentl was calculated with the
method published by Wolfet al. @23# andl50.14 was ob-
tained. The fact that the value ofl is positive, though small,
implies the divergence of trajectories. Thus, these res
suggest that the irregular behavior shown in Fig. 1~c! is cha-
otic. Chaotic behaviors in coupled chemical oscillators ha
been experimentally found in various types of systems: ba
reactors@3#, CSTR systems based on a mass exchange
pling @4,9#, and electrical coupling@6,10#. These systems ar
all coupled without a time delay. Chaotic behaviors may
common features of the coupled reacting system irrespec
of the presence of a time delay.
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IV. CONCLUSION

We investigated the scenario of transition from 2:1 e
trainment to 1:1 entrainment in time-delayed coupled os
lators of submillimeter size distributed spatially. On decre
ing the distance between oscillators, we observed
sequence of subharmonic entrainment that can be desc
in terms of a Farey tree, taking 1:1 and 2:1 as the pa
states. In the vicinity of the coupling region of 1:1, we o
served the irregular coupling. This irregular behavior see
to be chaotic. Below the critical distancedc , the stable en-
trainment of 1:1 necessarily appeared.

The appearance of the irregular behavior cannot be
actly explained at the present stage, but can be only sp
lated by making use of the idea of the frustration in
coupled Ising spin system@8,24,25#. The slower oscillator is
more significantly perturbed by coupling than the faster

FIG. 2. Power spectra of time series of light intensity:~a! 2:1
entrainment~b! 3:2 entrainment, and~c! irregular coupling.
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cillator. Then, coupling is supposed to exert two effects
the slower oscillator; one contributes to keeping the period
the slower oscillator at the intrinsic period, and the oth
contributes to forcing the period of the slower oscillator
harmonize with that of the faster oscillator. When natu
frequencies of two oscillators differ greatly from each oth
entrainment will certainly bring about some frustration to t
slower oscillator entrained. This tendency will become mo
pronounced as the order of subharmonic entrainment
comes higher. Abovedc , corresponding to the weak cou
pling region, entrainment is not very stable. As a result
release from entrainment will sometimes occur. This may
responsible for the appearance of irregular behaviors. T
irregular entrainment may be regarded as a sort of comp
sation action for the frustrated slower oscillator. Belowdc ,
on the other hand, the slower oscillator is completely e
trained by the faster oscillator owing to a strong couplin
and as a consequence such a compensation action wi
longer be able to occur. The present chaotic behavior ar
from coupling and it is apparently different from that seen
the uncoupled oscillator system, in which bifurcation
chaos is controlled by the composition of a reaction soluti
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FIG. 3. Phase portrait for the irregular behavior of the slo
oscillator. The trajectory is constructed in a three dimensional ph
space using the time-delay method with a time delayT53.5 s.
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